On how translating the origin changes norms

(This note was produced as part of a research project in convex
geometry under the supervision of Dr. Alexander Litvak, and
funded by an NSERC Undergraduate Student Research Award.)

Let K be a symmetric convex body in R™. (A “body” is a compact set with
nonempty interior. By “symmetric” here we mean symmetric about the ori-
gin: K = —K.) For such K the Minkowski functional

[Ix|[x =1inf{A: A > 0and x € AK}.

is a norm and its unit ball is K. (When K is not symmetric we continue to think
in these terms even though we may have ||x||x # || — x||x-)

In many problems in convex geometry, the choice of origin is somewhat
arbitrary; often any point in int K would do. Thus it is natural to consider how
different choices of origin affect the resulting norm. Somewhat more precisely:
Let a € intK and p € R™. Translating to bring a to the origin sendsptop — a
and K to K — a. How does ||p||x relate to ||p — a||xk—qa?

The maximum and minimum of real numbers « and 3 are denoted « /A
B and o\ 3 respectively. All other notations are usual ones in convex geometry.

Proposition1 If a € intK, then

Ilp + allk+a Allp — allk—a > IIpllk

forany p € R™.
Proof LetA =||p+ allxt+qa and p = ||p — a|lk—q- Then

1
p=5p+atp—al

€ %(?\(K +a)+ uK—a)) (definition of A and )
= #K + }\; PL(1
:A;“K+M;“k (K = —K)
= (>\‘|2'H + A ; H) K (convex distributivity)
=AAWK.
Therefore ||p||x < A A, as desired. O
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Proposition2 If a € intKand p ¢ intK, then

[Pl + llallk

Vip — —a >
||p+a||K+a ||p (1”]( a = ]+||a||K

Proof LetA = ||p + a|lk+a. (Note that A > 1, since p + a ¢ int(K + a) and
0 € int(K + a).) Then

p=p+a—a
EAK+a)—a (definition of A)
=AK+A—-T)a
CAK + (A —1)]la||xK (a € ||a||xK by definition)
=A+A-=1]allx)K (convex distributivity)
Therefore

lIpllk <A+ (A=Tlallk
= A1 +lallk) = llafl -

Rearranging yields
[Ipllx + [lallx
———— <A=|p+a .
1 +||a||K = ||p ||K+a
Replacing a with —a yields (since K is symmetric, so || — al|x = ||a||k)
[Ipllk + llall
—_—— < —a|lk—a ,
1 +||a||K — ||p ||K a
and together these are the desired result. O

Proposition 3 If a € intKand p ¢ intK, then
3 1
[P+ allksa +Ip — allk-a 2 5Pl + 5 -
Proof - [lp + allx+a + P — allk-a

= (Ilp + allk+a A lIp — allk—a)
+(Ip + allkta VP — allk—a)

> |Ipllx + el + lallc (by the previous propositions)
T+ [lallk
lIpllk —1
= |lpll + K 41
ol + 12
—1
> fpli + T (lallx <1< lIplho
1+1
= Zlipllc +
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