Integral of powers of sine

We give elementary estimates for, and some standard applications of, the inte-
gral
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Proposition1 For any integern > 1,
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Proof Integrating by parts yields
n—1
ILh=——12.

It follows, by induction, that
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Since sinx € [0, 1] for x € [0, 7], the sequence (I,,)$°_, is decreasing; thus
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Proposition 2  For any integer n > 2,
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where B} denotes the unit Euclidean ball in R™.
Proof  We compute that
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Proposition 3 If f: R™ — [0, 00) is positively homogeneous, that is, f(Ax) =
AMf(x) for all x € R™ and all A € [0, 00), then
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where o is the Haar probability measure on S™~! and vy, is the standard gaus-
sian probability measure on R™.

Proof  Recall that
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(See, for example, [1, Lec. 1].) Thus we compute that
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Proposition 4 If X is a standard gaussian random vector in R™, then
nl,
EX = —,
IX] o
where | - | denotes the Euclidean norm and E denotes expectation.
Proof By the previous proposition,
nl, J‘ nl,
x| dyn(x) = —= 0ldo(0) = ——.
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Proposition 5 If P is an orthogonal projection of rank k, then

kI
J Px| do(x) = —* .
Sn—1 TlIn
Proof  We compute that
2
POl do(6) = [PX| dyn(x)
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Proposition 6 For any integern > 1,
n n
4 < (2n> < 4 .
n(n+ 15) n vm
Proof By induction,
G 1 4n
Ln = ”4% and Lnyr = @ : (zr?) :
Since (I,)$2, is a decreasing sequence, Iyni1 < Iy < hnoy = 2‘2‘:1 Ionat,
that is,
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Rearranging yields the desired inequalities. |
Proposition 7 (Wallis’s product)
m 224466
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Proof =TT LT3N
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