
Integral of powers of sine

We give elementary estimates for, and some standard applications of, the inte-
gral

In =

∫π
0

sinn xdx .

where n 2 N.

Proposition 1 For any integer n � 1,r
2π

n+ 1
� In �

r
2π

n
.

Proof Integrating by parts yields

In =
n− 1

n
In−2 .

It follows, by induction, that

In−1In =
2π

n
.

Since sin x 2 [0, 1] for x 2 [0, π], the sequence (In)
∞
n=0 is decreasing; thus

2π

n+ 1
= InIn+1 � I2n � In−1In =

2π

n
.

�

Proposition 2 For any integer n � 2,

In =
voln(Bn2 )

voln−1(Bn−12 )
,

where Bn2 denotes the unit Euclidean ball in Rn.

Proof We compute that

voln(Bn2 ) =
∫1
−1

voln−1(
p
1− t2 Bn−12 )dt

=

∫1
−1

(1− t2)(n−1)/2 dtvoln−1(Bn−12 )

=

∫π/2
−π/2

(1− sin2 θ)(n−1)/2 cos θdθvoln−1(Bn−12 )

=

∫π/2
−π/2

cosn θdθvoln−1(Bn−12 )

= In voln−1(Bn−12 )

�
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Proposition 3 If f : Rn → [0,∞) is positively homogeneous, that is, f(λx) =
λf(x) for all x 2 Rn and all λ 2 [0,∞), then∫

Sn−1

f(θ)dσ(θ) =

p
2π

nIn

∫
Rn

f(x)dγn(x) ,

where σ is the Haar probability measure on Sn−1 and γn is the standard gaus-
sian probability measure on Rn.

Proof Recall that

vol(Bn2 ) =
πn/2

Γ(1+ n
2
)

.

(See, for example, [1, Lec. 1].) Thus we compute that∫
Rn

f(x)dγn(x) =
1

(2π)n/2

∫
Rn

f(x)e−|x|2/2 dx

=
1

(2π)n/2

∫
Sn−1

∫∞
0

f(rθ)e−r
2/2rn−1 drdθ

=
1

(2π)n/2

∫
Sn−1

∫∞
0

f(θ)e−r
2/2rn drdθ

=
1

(2π)n/2

∫∞
0

e−r
2/2rn dr

∫
Sn−1

f(θ)dθ

=
1

(2π)n/2

∫∞
0

e−t(2t)(n−1)/2 dt

∫
Sn−1

f(θ)dθ

=
Γ(1+ n−1

2
)p

2πn/2

∫
Sn−1

f(θ)dθ

=
1p

2πvol(Bn−12 )

∫
Sn−1

f(θ)dθ

=
nvol(Bn2 )p
2πvol(Bn−12 )

∫
Sn−1

f(θ)dσ(θ)

=
nInp
2π

∫
Sn−1

f(θ)dσ(θ)

�

Proposition 4 If X is a standard gaussian random vector in Rn, then

E|X| =
nInp
2π

,

where | � | denotes the Euclidean norm and E denotes expectation.

Proof By the previous proposition,∫
Rn

|x|dγn(x) =
nInp
2π

∫
Sn−1

|θ|dσ(θ) =
nInp
2π

.

�
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Proposition 5 If P is an orthogonal projection of rank k, then∫
Sn−1

|Px|dσ(x) =
kIk

nIn
.

Proof We compute that∫
Sn−1

|Pθ|dσ(θ) =

p
2π

nIn

∫
Rn

|Px|dγn(x)

=

p
2π

nIn

∫
imP

∫
kerP

|P(v+w)|dγn−k(w)dγk(v)

=

p
2π

nIn

∫
imP

∫
kerP

|v|dγn−k(w)dγk(v)

=

p
2π

nIn

∫
imP

|v|dγk(v)

∫
kerP

1 dγn−k(w)

=

p
2π

nIn
� kIkp
2π

� 1

�

Proposition 6 For any integer n � 1,

4nq
π(n+ 1

2
)
�
�
2n

n

�
� 4np

πn
.

Proof By induction,

I2n = π

�
2n
n

�
4n

and I2n+1 =
1

n+ 1
2

� 4
n�
2n
n

� .

Since (In)
∞
n=0 is a decreasing sequence, I2n+1 � I2n � I2n−1 = 2n+1

2n
I2n+1,

that is,
1

n+ 1
2

� 4
n�
2n
n

� � π
�
2n
n

�
4n

� 2n+ 1

2n
� 1

n+ 1
2

� 4
n�
2n
n

� .

Rearranging yields the desired inequalities. �

Proposition 7 (Wallis’s product)

π

2
=
2 � 2 � 4 � 4 � 6 � 6 � � �
1 � 3 � 3 � 5 � 5 � 7 � � �

Proof
π

2
=
I0

I1
=
2

1
� I2
I1

=
2

1
� 2
3
� I2
I3

= . . . �
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